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1. Introduction

The pressure behavior of partially penetrating wells (PPWs) has been
investigated extensively in the literature [1-5]. Many scholars have considered
flow of the fluid in the reservoir toward the well as a radial flow with an
additional pressure drop near the wellbore caused by the partial penetration [6-
11]. This additional pressure drop is characterized by a positive geometrical
skin that is called pseudoskin, due to partial completion. Several analytical and
empirical dispositions have been developed to evaluate the pseudoskin and the
time for which the assumption of radial flow becomes valid [9-13]. On the basis
of the spherical flow, some researchers have provided methods for interpreting
pressure transient well test data [14-17]. Many solutions have been developed
to the two dimensional (2D) diffusivity equation, which included flow of the fluid
in the vertical direction [14, 18-22].

On the basis of all the studies performed on PPWs, the presented
solutions have some limitations. The most important restriction is the non-
generality of these solutions which cannot be used for a wide range of
parameters. In fact, most of the proposed methods developed for estimating the
pseudoskin are not valid for all the time periods of the test, especially for the
early time period. On the other hand, in most studies, wellbore storage and skin
factor have not been included in the solutions. To obtain a comprehensive
analytical formula for different reservoirs, some researchers have recently
developed several new analytical solutions for different types of the well-
reservoir configurations [23-27]. As our main novelties, we present the
objectives of this study as follows:

l. Deriving a general analytical solution that can be used to model the
pressure transient behavior of a PPW completed in a reservoir with a
diversity of structures.

Il. Examining the validity of the presented technique by analyzing the
responses of a PPW in a special case: homogenous reservoir with
infinite radial extent.

The organization of this paper is as follows. In section 2, some basic
concepts, which are required for the subsequent sections are introduced. In
section 3, the analytical solution of the responses of a PPW is derived. Then,
the analytical solution for the pressure behavior of a special case is given in
section 4. Afterwards, the proposed solutions obtained in the previous sections
are assessed and discussed in section 5. Finally, section 6 provides some
concluding remarks.

2. Basic concepts

Before introducing the main results, some important preliminary concepts
should be explained. These concepts are given in the following three
subsections.

2.1. Source function

On the basis of the results obtained by Gringarten [28], if D, and S, are
the source domain and boundary of the reservoir, respectively and M, and M’
are dummy points in the source and boundary, respectively, then the pressure
drop at location M and time t, in the reservoir with initial pressure distribution
p,(M), and a prescribed pressure or flux at the boundary S,, can be written as

[23]:
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where the pressure drop is defined as follows:
Ap(l\/l,t):jpi (M)G(M,M’,t)dM’ - p(M, 1), @)
D

in which D denotes reservoir domain. For a reservoir with an initial uniform and
constant pressure, p(M,0) = p,, Eq. (2) can be expressed as:

Ap(M,t) = p, — p(M,1). 3)
The term G(M,M,,t) or G(M,M't) denotes the instantaneous Green’s
function. The expression q(M,,t) is the withdrawal (or injection) rate per unit
volume (M, € D,,). Moreover, ¢/on(M’) represents the directional derivative of
the function p or G at a point M’ in the outward direction of the boundary S.,

where the vector n is normal to the boundary S,. For an infinite reservoir, the

second term on the right-hand side of Eq. (1) approaches zero [23].

For simplicity, it can be assumed that the withdrawal flow rate is uniform
over the source volume for a given reservoir, D. Since the second term on the
right-hand side of Eq. (1) is not a function of the flow rate, it can be concluded
that the given reservoir has a similar behavior to infinite reservoirs. Thus, Eg.
(1) can be expressed as

Ap(M,t):%iq(r)S(M,t—r)dr, (4)

where S(M,t) is the instantaneous source function that is defined as:
S(M,)= [G(M,M,,t)dM,, .

D

(®)

The integral term on the right-hand side of Eq. (4) is called the continuous
source function. For a source with constant fluid withdrawal rate, q(t)=q, Eg.

(4) can be simplified to:

w

Ap(M,t):%jS(M,t—r)dr. (6)

It should be noted that Eq. (5) can be developed by means of the superposition
principle.

2.2. Newman’s method

The application of Newman’s product method in the context of petroleum
engineering can be expressed as follows: for a given reservoir, which can be
considered as the intersection of one (and or two) dimensional reservoirs, the
instantaneous Green’s function equals to the multiplication of the instantaneous
Green’s functions for the one (and or two) dimensional reservoirs. In a similar
approach, for a source that can be considered as the intersection of one (and or
two) dimensional sources, the instantaneous source function is equal to the
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multiplication of the instantaneous source functions for the one (and or two)
dimensional sources [29]. For example, the intersection of two perpendicular
infinite plane sources constitutes an infinite line source. Thus, by making use of
the Newman’s product method, the instantaneous source function of an infinite
line source is equal to the product of the instantaneous source functions of the
corresponding plane sources:
S(X, y’t) = S(X1t) S(y’t) : (7)
And for another example, it can be considered a point source as the
intersection of the three perpendicular infinite plane sources. Then, the
instantaneous point source function can be obtained by means of the
Newman’s product method as:
S(x,y,z,t) =S(x,t)-S(y,t)-S(z,1). (8)
If the point source is constituted by the intersection of an infinite plane
source perpendicular to an infinite line source, then the corresponding
instantaneous source function can be obtained as:
S(r,z,t) =S(r,t)-S(z,1) 9

2.3. Gaver-Stehfest algorithm

The Gaver-Stehfest algorithm for the numerical inversion of Laplace
transform was developed in the late 1960s [30]. This well-known method can be
expressed as follows: the unknown pressure P(r,,ty) for given r, and t, is
obtained by using the Gaver-Stehfest algorithm to numerically invert the
Laplace solutionsP(ry,s). The procedure is described by the following
equations:

P(ry,t,) = In(2)tg,1§:ak (n)P(ry,kIn(2)t;"), n>1 t, >0 (10)

and the coefficients a,(n) are given by:

a (n) _ (_]I:])!rwk mi%n)]j(m—l)(r?j(z-jj(k J j’ n>1, 1< k <2n (11)

j=[(k+D)/2 JJ\J — ]

where

[mJ m  m(m-2)---(m—i+1)

=- = : : m=0, 0<i<m 12
i"(m—i)! 1.2---i (12)

3. Analytical solution of the pressure transient behavior

The analytical solution of the pressure transient responses for a PPW
flowing at a constant rate is now derived based on the source functions and the
Newman’s product method. Before presenting the solutions, some useful
dimensionless variables are defined as follows:

k h
Dimensionless pressure: =—7" (p. - p(r,z,1)),
p Po 141_2(:{WEM(|0. p(r,z,t))

0.0002637k,t

Dimensionless time: t, =

2
duc.r,,

. : : : z
Dimensionless vertical distance: z, = e
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. : . . z
Dimensionless midpoint of the perforated interval: z,, = FW

. . . r
Dimensionless radius: ry = —,
r

w

. , , r /k
Dimensionless anisotropy group: I, :FW k—z and

) _ h
Penetration ratio: b = FW

The basic instantaneous source function for an infinite slab source in an
infinite slab reservoir can be written as [24]:

0

S(zp,t5) = b{1+%Z%exp(—nz;rzréwto)sin(%) cos(nﬂzWD)cos(nnzD)} , (13)
n=1

where the top and bottom of the formation are impermeable. The instantaneous

source functions for different boundary conditions can be found in [24]. It is

worth to say that the following approach will work for a variety of the boundary

conditions by choosing an appropriate source function. The total withdrawal rate

from the well is:

q, = ah,, (14)
where q is the flow rate per unit length of the source.

From the definition of the dimensionless pressure drop, it can be
concluded that:

pD(rD’tD):%pr (rD’tD)1 (15)

where the subscript f stands for a fully penetrating well (FPW). Since the
dimensionless pressure drop is obtained by integrating the instantaneous
source function with respect to time from 0 to t,, taking the time derivative of

Eq. (15) yields:
S(rD,tD)=%S(rD,tD)f (16)

where S(ry,ty) represents the instantaneous source function for a PPW in r -

direction. On the other hand, the dimensionless pressure drop for a FPW can
be written as

Por (o, o) = [ S(1o,7), (17)

Differentiating both sides of Eq. (17), the instantaneous source function
of a FPW can be obtained as follows:
P (1o tp)
S(ry,tg); =——.
(o to)y ==
Substituting Eq. (18) into Eq. (16) yields the instantaneous source
function of a partially penetrating as:
1 9Py (5, 1p)
S(ry,ty)=———"—7—.
(orto) = =200
By using the Newman’s product method, the instantaneous source
function of the PPWs can be attained as:

(18)

(19)
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S(ry, Zp,tp) = S(Fptp ). S(Zp, 1) - (20)

According to Eq. (20), the instantaneous source function for a well in
partial penetration can be captured by combining Eg. (19) with Eq. (13); i.e,

10 (S 4 &1
S(rD,zD,tD):bpfa(t).b(lJrﬂan;nexp(—nznzréth)
° (21)
><sin(nzﬂb)cos(n;zzWD)cos(nﬂD)j,
which can be simplified to the following from:
Py (It

S(rD,zD,tD)=1M.b(1+n(zD,tD)), (22)

b ot,
where
n(zp.tp) = %Z%em(—nzﬂzrgwtr,)sin(%) cos(nxz,,)cos(Nzz,) . (23)

n=1

Thus, the pressure response for a PPW produced at a constant rate can
be written as:

tp
Po (o, Z5,tp) = [S(1r5,25,7)d7 (24)
0

By setting Eq. (21) into Eqg. (24), the dimensionless pressure can be
obtained as:
2 0Py (11 7)
Po (11 20:t0) = Pox (I ) + [ = =—n(z5,7) 7 (25)
0
The calculation of the pressure response of a PPW from Eq. (25) in an
integration form is a computationally expensive process. This complexity arises
from two reasons. First, the time derivative of p (ry,t;) must be evaluated.

Second, the integration term must also be computed. These critical problems
can be solved by transforming Eqg. (25) to Laplace space, since the Laplace
transformation can eliminate the derivative expression op (ry,7)/07 and the

integral term. The Laplace transform of Eq. (25) yields

_ _ 13 . _ _
Pob (rD7 ZD'S) = Por (rDis) +EZRESIdUE(77 (ZDfSi ))(S - Si) Por (rD’S _Si) (26)
i=1
where
_ 4 & 1 . nab
Z,,S)=— sin cos(nrzz,)cos(nrzz

is the Laplace transform of Eq. (23), and s is the Laplace variable. The simple

poles of Eq. (27) are located at s =-n’z*r}, . So, the final result of the pressure

drop without wellbore storage and skin can be written as:

4 &1
Po(ro,25,8) =Py (rDlS)+7Z*(S+n2”2r[§w)ﬁDf (rD’S+n27[2r[§w)

n-t (28)
. Nab
XSIn(T) cos(nzz,,p)cos(nzzy)
The dimensionless pressure at the wellbore radius can be obtained by
setting ry =1 in Eq. (28):
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2_2.2

_ _ 4 &1 —
Po(L Z5,8) = Pos (L, S) + %ZH(S +N°7°r5,) Por (LS +n°7°r,)
(29)
x sin(%) cos(nzz,y)cos(nzzy)
or

Po (20:5) = Por )+ - D= (41713 Pog (5 271
S n=1 n (30)
xsin(%) cos(nzz,)cos(nzzy).

Partial completion of a well causes an additional pressure drop other
than the pressure drop resulting from the full penetration, p,(s). This
additional pressure drop is called geometrical skin or pseudoskin. The first term
on the right-hand side of Eqg. (30) is the dimensionless pressure drop for a FPW.

So, it can be concluded that the pseudo skin pressure drop due to partial
penetration is given by:

o, 2,,8) :iil(s +n?7%r2 )P (Ls+nNn°7z%r2,)
DS 45 n
(31)
xsin(%) cos(nrzz,,)cos(nzzy)
or
— 4 < 1 2 2,2 = 2 2,2
O'(ZD:S)Z_Z_(S"‘n 7row) Por (S+N°7715,)
7S 45 n
(32)
sin(%) cos(nzz,,)cos(nzzy)
It can be shown that the dimensionless wellbore pressure can be
computed at z, =z, +r,5, Where r,, =r,,/h [31-33]. Therefore, Egs. (30) and

(32) can be written as:

Po(8)=Pp (8) + =l 1(S +n*7°rg,) Py (S +N°7°r5,)
n=1 (33)
. (nzb
x sm(T)cos(nnzwD)cos(n;r(zwD +1,0))

and
— _i N l 2_ 2.2 \H 2_2.2
o(s)= z (s+n°7r5,) Por (S +N°7°15,,)
7ZbS n=1
(34)
. (nab
><sm[7j cos(nzz,,p)cos(Nz (z,5 + Fup))
with given penetration ratio, b, dimensionless anisotropy group, frg,,
dimensionless midpoint of perforated interval, z,,, and the calculated
dimensionless vertical distance, z.

Dimensionless wellbore pressure with storage and skin for PPWs can be
obtained by means of the superposition theorem which was given by van
Everdingen and Hurst [34] and Agarwal et al. [35]:

Puolty) = f{%(r)%}dﬂ St (), (35)
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where p,,(t;) and py(t,) are the dimensionless wellbore pressure with
wellbore storage and skin effects, and dimensionless sandface pressure for the
constant-rate case without the wellbore storage and skin effects, respectively.
Moreover,

S =steady-state skin factor,

P () = Pe o)

5.6146C

b =-————, dimensionless wellbore storage,
2mguc,hr,

qp(ty) =1-C, % , dimensionless sandface rate
D

The Laplace transform of Eq. (35) yields
_ Spy(S)+S
Pao(9) = ——po )
S+Cys°(spp(s)+9S)
Replacing the p,(s) term in Eq. (36) by the right-hand side of Eq. (33)
yields the dimensionless pressure for PPWs with wellbore storage and skin.
Dimensionless wellbore pressure values can be calculated from Eqg. (36) by

means of the Gaver-Stehfest numerical Laplace transform inversion algorithm
[25].

(36)

4. Application of the proposed method

By applying the presented technique in section 3 to different types of
reservoirs for analyzing the pressure behavior of PPWs, various mathematical
models may be obtained. The simplest case is a homogenous and an infinite
reservoir that is completed partially and is affected by wellbore storage and
skin. Applying the proposed method to this case gives the following
formulations.

The pressure response of a homogeneous, isotropic and infinite radial
system with a FPW without wellbore storage and skin is given by:

- _ 1K (1) |
pr (rD,s) S\/gKl(\/g) (37)
Substituting Eq. (37) into Eq (28) gives the pressure response of a PPW:
0 (12 S)_lK(r \/_) Ko (roy/s+n°7°r2,)
PR s sk (\/_) 7zbs N \/s+n27r2r,§WK (\/s+n27r2r§W)_ (38)

xsin %)cos(nnzwD)cos(nnzD)

Equation (38) reduces to the following equation at the wellbore by
considering ry =1 and z;, =z, +r,p
1 Ko(s) | 4 &1 (Ys+n*z*rd,)
55K, (Js) (f) 7bs —1n\/s+n27z2r,§WK (Js+n’z2r2,) (39)

x sin(zbj cos(nzz, )cos(Nz(z,p + Fup))

where the pseudoskin is
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_ N 4 &1 K,(\/s+n’z%r5,) _(nmb
a(s) = )sm[ > j (40)

s =N s+ n272r2, K, (yJs+n?z2r2,

x cos(nzz,,s )cos(nz(z,5 + Fyp))

Substituting Eq. (39) into Eg. (36) yields the dimensionless wellbore
pressure with wellbore storage and skin. Figure 1 shows the typical responses
of a PPW in an infinite reservoir. For example, for a well that is perforated in the
half-bottom interval where z,, =b/2, Egs. (39) and (40) can be simplified to:

5 (s)—l Ko (+/s) L2l Ko (ys+n?z?rs,)
i SsK,(Vs) SN [sin22’r, K, (s+n’7rd,) (41)
xsin(nzb)cos(nz(b/2+r,5))
and
E(s):i =1 K, (/s+nz?rs,)

ST N s+ n?7z2r2 K (ys+n?z?r2,) (42)
x sin(nzb)cos(nz(b/2 +r,,))
In addition, Egs. (41) and (42) can be used when the half-top is
perforated if the z -direction in the Cartesian coordinate is reversed.

5. Results and discussion
The pressure responses of a PPW in a reservoir with impermeable lower
and upper boundaries have been presented in Figures 1, 2 and 3 with p,

versus t,/C, dimensionless variables. The well properties of the provided

examples are summarized in Table 1. Figure 1 shows the pressure behavior of
a PPW with different values of penetration ratio, given the values of
dimensionless midpoint of perforated interval and dimensionless anisotropy
group, where the value b =1 implies the FPW. Figure 2 depicts the effect of
dimensionless midpoint of perforation interval with constant penetration ratio
and dimensionless anisotropy group. The influence of dimensionless anisotropy
group is analyzed by considering three different values, where the perforation
ratio and the dimensionless midpoint of the perforation interval are given both
by 0.5 (Figure 3). The dimensionless wellbore storage coefficient and skin have
been assumed as C, =50 and S =2, respectively.

Table 1. The well and reservoir properties of the study cases

Dimensionless Anisotropy Penetration Ratio Dimensionless Midpoint of
Group the Perforated Interval
Case 1 25%x10™ 1,0.8,0.5,0.3 0.5
Case 2 25%x10™ h=05 0.25,0.5,0.75
Case3  8x10*,2.5x10*,8x107 b=05 0.5
Case 4 25%10™* 0.8,0.5,0.3 0.5

As can be seen from Figures 1, 2 and 3, two radial flow regimes and one
spherical flow between them can be observed in the responses for a PPW. At
early times, is the initial radial flow over the perforated interval h,, with Ap

w !
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proportional to log(At) and a first derivative stabilization. Then, the spherical

flow can be observed with Ap proportional to ]/ JAt and a negative half unit
slope straight line on the derivative log-log curve. The flow lines are established
in both the horizontal and vertical directions, until the lower and upper
boundaries are reached, which is the end of the spherical flow regime. Finally,
the flow becomes radial in the entire formation thickness, with Ap proportional

to log(At) and a second derivative stabilization.

Figure 4 presents the pseudoskin due to the partial penetration for three
different penetration ratios, which indicates that the smaller b causes the higher
pseudoskin. Based on the results shown in Figures 1 and 4, as the penetration
ratio decreases, the pseudoskin and pressure drops increase. The results of
Figure 3 show that with low dimensionless anisotropy group, the contribution of
vertical flow is limited and the spherical flow is started later (r, and h are

assumed constant). When the completed interval is not centered within the
entire formation thickness, the spherical flow ends when the closest bottom or
top of the formation is reached. A hemi-spherical flow regime is then observed
instead of the spherical flow, until the second boundary is reached (Figure 2).
Furthermore, Figure 2 reveals that the pressure and its derivative results for the
PPW are overlapped for the cases b={0.8} and b={0.3}. It implies that if the
well is symmetrically penetrated either in the half-top or half-bottom interval, the
fluid flow in the reservoir will behave in a similar way.

The presented three different flow regimes can be analyzed to estimate
the well and reservoir parameters. The permeability-thickness product for the
perforated interval k. h,, and the skin, S can be obtained by analyzing the initial
radial flow regime. The analysis of the spherical flow regime yields the
permeability anisotropy. In addition, the permeability-thickness product of the
reservoir k.h, and the total skin S, can be determined from the second radial

flow regime.

Pup B=1
P'wp 01
b=0.8

1 |—Pup:

Pyp @nd P'ynty

10

Figure 1. Comparison of the responses of fully and partially penetrating wells for different values

10°

-1

Seel
-~
Sa

~-e

1{-=-Pupr

1| —Pypr

1]-=-Pup

1]---p' 0 b=08
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Figure 2. Effect of dimensionless midpoint of the perforated interval on dimensionless pressure
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6. Conclusions
Based on the results presented and discussed earlier in this study, the
following conclusions can be drawn:

1)

2)

3)

A new analytical constant flow rate solution is derived based on the
Green’s function approach in Laplace space that describes the
pressure behavior of partially penetrating (limited entry) wells at the
wellbore when wellbore storage and skin effects are significant.

For any reservoir type and boundary condition, solutions of the PPWs
can be obtained from the FPWs responses. Generality and simplicity
of this technique can be used to define the responses for a PPW
completed at any position in any region.

The pseudoskin pressure drop due to partial penetration increases as
the spherical flow develops and then reaches its maximum value at
large times. This is different from the mechanical skin, which is
caused by formation damage in the driling and completion
operations.

Nomenclature
Symbols

ST OO0 T
lw)

~ X
- =

=~

~N

o

°T X X

penetration ratio [-]
isothermal compressibility factor [psi]
wellbore storage constant [bbl/psi]

dimensionless wellbore storage constant [-]

thickness, producing interval [ft]

perforated interval [ft]

permeability [md]

horizontal (radial) permeability [md]

vertical permeability [md]

modified Bessel function of the second kind, zero order [-]
modified Bessel function of the second kind, first order [-]
pressure [psi]

dimensionless pressure [-]

dimensionless pressure of fully penetrating vertical well [-]
initial pressure [psi]

dimensionless wellbore pressure with wellbore storage and skin effects
[psi]

flowing BHP [psi]

flow rate per unit length of source [STB/D]

total withdrawal rate [STB/D]

distance from the center of wellbore [ft]

dimensionless radius [-]

dimensionless anisotropy group [-]

wellbore radius [ft]

skin factor [-]
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N N N C
o O

=

N
=
lw)

N Q T S

producing time [hours]
dimensionless time [-]

Laplace-transform variable with respect to tp [-]
distance along perforated interval [ft]
dimensionless vertical distance [-]

midpoint of perforated interval in the z-direction [ft]
dimensionless midpoint of perforated interval [-]

porosity of reservoir rock [-]
oil viscosity [cP]

pseudo skin pressure drop [-]
dummy integration variable [-]

Subscripts

D
f

NS -

dimensionless
fully penetrating
initial

horizontal (radial)
bottom hole, well
vertical

Superscript

Laplace transform
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