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method were utilized to solve the corresponding nonlinear coupled
differential equations. The objective function of the algorithm was the
difference between the measured data and the numerical solutions of the
heat and mass transfer governing equations. The optimization algorithm
was developed using the conjugate gradient method (CGM). Also, the

corresponding nonlinear coupled partial differential equations were
solved by employing the element-wise differential quadrature method
as a powerful numerical technique. The applicability and reliability of
the approach were illustrated by solving the problem under different
conditions. The results showed that the heat and mass diffusivities of the
system could be satisfactorily estimated, which would enable us to suggest
the application of this algorithm for the other transport phenomena.
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1. INTRODUCTION chemical reaction take place and knowledge of the

Diffusion is one of the basic concepts in heat
and mass transfer phenomena. The heat and mass
transfer characteristics of a multi-component
system are significantly affected by its heat and
mass diffusion coefficients. In chemical industries,

simultaneous diffusion of heat and mass with

* Corresponding Author Email: rahideh@pgu.ac.ir

transport properties are essential to simulate and
optimize these processes. For example, diffusivities
play key roles in the separation, purification and
storage of gases by adsorption [1], absorption
refrigeration systems [2], desorption process in
mobile phase [3], heat and mass transfer by the
evaporation in a vertical channel under mixed

convection [4], removal of dissolved substances
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from water by water treatment [5] and diffusion
of gas in heavy oil [6].

Due to their many applications in different
branches of industry, a lot of efforts have been
made to determine the thermal and mass diffusion
coefficients of different physical systems in the
past years [7-12]. On the other hand, accurate
estimation of these properties can reduce the
final costs of the industrial chemical processes
and accurate design of the required equipment
for a chemical process. It should be noted that
for the processes in which the temperatures and
concentration have a large spatial or temporal
variation, it is better to consider the temperature
and concentration dependence of these
properties for the accurate estimation of them. In
the following, some recent research works related
to the subject under consideration in the present
study are briefly reviewed.

In an experiment, Blesinger et al. [13]
measured the temperature-dependent diffusion
diffusion

coefficients. They measured the

coefficients of mono ethanol amine-water,

methanol-toluene, and cyclohexane-toluene.
Nayar et al. [14] proposed some correlations
for the seawater thermophysical properties
of reverse osmosis systems as functions of
temperature and salinity. Huntul and Lesnic [15]
estimated the variable thermal conductivity
and the time varying temperature under over
determined boundary conditions using an inverse
approach. Varma et al. [16] used a single-shot
dual-color interferometric image to determine
both the heat and mass diffusivities of salt-
water solutions. Chanda et al. [17] employed the
artificial neural network and genetic algorithm
to estimate the heat and mass diffusivities of a
solute-solvent system.

In spite of its importance in many engineering

applications, the simultaneous determination of
temperature- and concentration-dependent heat
and mass diffusivities have received very little
attention so far. This issue motivated us to propose
a computational procedure for the simultaneous
estimation of the temperature- and concentration-
dependent heat and mass diffusivities of a solute-
solvent system with the couple heat and mass
transfer phenomena. The technique is based on
minimizing the difference between the measured
transient temperature and concentration at
some specific positions of the system and their
corresponding exact values. The

gradient method (CGM), introduced by Alifanov

conjugate

[18], was adopted for the optimization tool. Also,
the element-wise differential quadrature method
(DQM) together with Newton-Raphson were
employed to transform the nonlinear transient
coupled governing partial differential equations
into a system of algebraic equations [6, 19, 20].
Due to the lack of experimental data, these data
were generated by the addition of noise sample
to the results obtained through the solution of
the governing equations by assuming specific
values for the temperature- and concentration-
dependent diffusivities. The reliability and
robustness of the approach were demonstrated by
studying its accuracy in simultaneously estimating
six unknown parameters of the solute-solvent

system under investigation.

2. Mathematical modeling

In Figure 1 the system under consideration is
illustrated. This system is a test column of height
H which contains a two-layered salt stratified
medium. By enforcing the stabilizing temperature
at the two horizontal surfaces and thermally
insulated conditions at the vertical walls, the

diffusing thermal conditions are formed.

22 Journal of Oil, Gas and Petrochemical Technology 9(1): 21-38, Winter and Summer 2022

(@) |



Rahideh H. / Computation of Temperature- and Concentration-Dependent

Heat and Mass Diffusivities

Hot wall
T-sensors
°3
.9 Solvent (C-sensors
* 3
H __7 o 1 ()
o 1
h Solution ’

Cold wall

Figure 1. The schematic of test column under consideration (counter-current heat and mass diffusion)

Also, it is assumed that the column walls are
protected to avoid the mass transfer. In order to
initiate the heat and mass diffusion processes
and to avoid the free convections of the both
phenomena, it is assumed that the lower and
upper half of the column, respectively, contain
solute with concentration Cland a solvent of
concentration C, (C2 <C’1). In addition, the
system is at an initial temperature TJ when the
upper wall temperature is suddenly increased to
T, . Consequently, under the applied boundary
and initial conditions, a counter-current diffusion
of heat and mass occur in the column. In the
following  subsections, the corresponding
governing equations and the computational

technique will be presented.

equations:

o)L |- g &
oy oy ot

o[ = 8C]| oC

| D[T.C) = |- == =0 @)
oy | oy ot

In this study, it was assumed that both the heat
and mass diffusivities have linear variation with

respect to the temperature and concentration [17]
a=a,+aT +a,C (3)

D=D,+DT +D,C (4)

Also, the corresponding boundary and initial

conditions are assumed to be:

2.1 The heat and mass diffusion governing T 520 =T (5)
equations
Under the above mentioned thermal and oC 0 (6)
mass transfer conditions, the diffusion processes 8)7 -
7=0
were simulated as one-dimensional ones. Hence,
these processes are described by the following T =7 7)
set of non-linear coupled partial differential y=H
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oC
- =0 (8)
V|,
T| =T 0<y<H

- d (9)
Cl = <7<
= G O<y<h (10a)
c| =¢ h<y<H (10b)

To easily conduct the parametric studies

and also, simplify the governing equations, the

following non-dimensional parameters were
defined:
7 { T C
y:l’t:—’T:—’ C:—’
H i T, C,
ayl , oclth1
1 Hz > 72 Hz 4
L - ayt,C, Yy - Dyt , (11a-)
3 2 s g4 2
H H
Dltf-T1 Dzl‘fC1
Us = ———F— :

Accordingly, the normalized forms of Egs. (1),

(2) and (5)-(10) become, respectively:

_TZ
7, A (16)
oC
=~ =0
|, (17)
7| =1 0<y<I (18)
Cc| =1 OSySi (19a)

=0 H
c, h

=2 —<y<l

d.=c w*’ (190)

As one can see, Egs. (12)-(19) are a set of
nonlinear coupled partial differential equations.
Hence, it can be solved using an approximate
method. On the other hand, the computational
efficiency of the differential quadrature method
for solving the different complicated engineering
problems has been demonstrated in the recent
years [21-27]. To increase the accuracy and
simultaneously decrease the computational costs
of the conventional DQM, the element-wise
version of this method is applied to spatially and
temporally discretize the governing equations
[6]. According to this approach, the spatial and

temporal domains are decomposed into N°

oT oc\er ;
u25+u35 a+ elements and V" increments, respectively. Then,
o°T oT (12) the e-th elements and the /-th temporal increment
(o +uT +uC) -5 =0 o eleme e
oy ot are discretized into a set of Ny and Nt grid points,
or ac\oc respectively. After that, the first- and second-order
(uiayJ’”ﬁay]ayJ’ derivatives of an arbitrary function g(y,t) at a
’C oc 3} sample grid point (y,-,tj) are explained as:
u, +ul +uC -——=0
( 4T Hs 6 )8)/2 ot . .
o ) S )
> =D A4e(y,.t) =2 AVg,.,
Vit m=1 m=1
T|y70 =1 (14) . (110/) N ,,
- g X pely) og _N0 00
- =) B, = =>4
ayz ! % im gm/ at (‘/ ; jn gm (20)
o (1) vist;)
C —0 (15) i=1,2,..., N e=12,...,
oy y=0 Nand j=1,2,...,
N/; IF1,2,..., N7
24 Journal of Oil, Gas and Petrochemical Technology 9(1): 21-38, Winter and Summer 2022

(@) |



Rahideh H. / Computation of Temperature- and Concentration-Dependent
Heat and Mass Diffusivities

In addition, A;(y)and B;(y)are the first- and
second-order weighting coefficients of the e-th
spatial element; A]»I(t) is the first-order weighting
coefficient of the /-th temporal increment.

The result of the discretized governing
differential equations and the corresponding
boundary and initial conditions is a system of
nonlinear algebraic equations, which is solved by

using the Newton-Raphson method.

2.2 Heat and mass diffusivity estimation

The computational procedure for the estimation
of the heat and mass diffusivity parameters
(ai and D,;i = 0,1,2) or their corresponding
forms (”i;i = 1,2,...,6)

initial

non-dimensional

begins by assuming values for the
unknown heat and mass diffusivity parameters
(ai and D,;i = 0,1,2). Then, the heat and mass
diffusion governing equations under the prescribed
initial and boundary conditions are solved to
determine the time history of the temperature and
concentration at the DQM grid points. The new
values of the unknown parameters are evaluated
by minimizing an appropriate functional of the
determined and measured field variables (i.e., in
this problem, the temperature and concentration)
at some selected sections of the column. Again, the
adjusted values of the heat and mass diffusivities
are used in the heat and mass diffusion governing
equations to determine the new time history of
the temperature and concentration distribution.
These processes continue until the convergence
criterion is satisfied. In this study, the following

functional was defined:

J(ul,uz,...,uﬁ):
M| I’
2 i(T, -77)’ dt+£(cm —C:ff)zdt} 21)

where T, ., T.0,C, and C.7are the

m,t’ myt

determined and measured temperature and
concentration at the m-th location of sensor at
time t, respectively; also, the number of sensors
for each of the measured field variables is M.:

In order to minimize the functional (21), the
conjugate gradient method (CGM) as a powerful
optimization technique [21-26] was utilized. In
this algorithm, the new values of the unknown
parameters are determined from the last iteration
as:

u' =u'-prd’ fori=1,2,...,

1 u;

6 and n=0, 1, 2, ... (22)

where the superscripts “n” and “n+1” represent
the iteration numbers; also, d:j is the search step
size and d: is the descent direction, which are
obtained from the corresponding sensitivity and
adjoint problems, respectively. The details of these
two problems are given in Appendices A and B,

respectively. In Eq. (23), the search directions are :

( m)z
dr=Jm g
! ! rn—1 !
(Jui )Z

for i=1,2,...,6

(23)

where dfl_ =0 and jl: (i = 1,2,...,6) are
derived in the Appendix C.

Inserting ul."+1 (i=1,2,..,6) from Egs. (22) into Eq.
(21), one gets:

n+l o n+l n+l
J(u, JUy e Uy )=

M| 2
Y[ ) =T | e

m=1| 0 (24)

+tf[cm ()=

0

In order to determine the right-hand side of Eq.
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(24), at first the temperature and concentration are
expanded in Taylor series about ul" (i = 1,2,...,6)
using Eg. (22). Then, by neglecting the higher-
order terms and assuming thatou,; = d;’i
(i = 1,2,...,6), the result becomes

n+l n+l n+l
J(u1 JUy Uy ):

[N}

w Tm(u,",u;’,...,ug’)—_
Zs:[f ) dt

T, T
e (25)

2
o Co (5l ) =
+|| dt
n exp
0| 2B.9C, -C,
i=1

Also, 0T, and 6C, (i = 1,2,...,6) are obtained
from the sensitivity problems (see App. A).

Now, the values of d:j (i=1,2,...,6) are
determined from the following system of linear
algebraic equations attained by minimizing the
functional (25)

[sks}=1{o}

(26)

where the elements of the coefficient matrix

and load vector are, respectively

m=1

t ty
S, = fj(] ST, 5T, dt+ [5C,5C, dt]
0 0 (27)

i j=1,2,...,6

0

m=1| ¢

i:1,2,...,6 (28)

The optimization iteration processes continue

until the following stopping criterion is satisfied

where £ is a small real number and depends
on the required accuracy.

To reduce the effects of measurement
errors in the measured temperatures and
concentrations, and also to increase the accuracy
of the computational procedure, the discrepancy
principle is used as the stopping criterion.
Accordingly, the temperature and concentration

residuals are approximated as, respectively

M

ST, -17)~0,,

m=1 (30a,b)
M

2(Cm,, ~C)x 0,

where 0, and éc are the standard deviation
of the measured temperature and concentration
errors. By considering constant values for these
parameters and inserting from Eq. (30) into Eq.

(21), one obtains.
A (-2 2
8—(0'T+GC) tf (31)

3. Numerical results

In this section, the applicability and versatility
of the presented approach for estimating the
heat and mass diffusivities of the system under
consideration are demonstrated. Usually, to
validate such an algorithm, the measured data are
generated by adding artificial errors to the solution
of the related problem [28-30]. In this work, two
normally distributed uncorrelated errors with zero
mean and constant standard deviations O and
O, are added to the calculated temperature and
concentration using the heat and mass diffusion
governing equations, respectively. In this regard,

the simulated measurement data of T;and C, are

n+l  n+l n+l A 3 . X
J(Ml JUy el )< & (29) defined to be, respectively:
_TD (32a)
1,=1"+ o
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C=C’+a, (326)

where 7;D and CZ.D are the solutions of the heat
and mass diffusion governing equations, and Wy
(,3 = Tl.,Cl.) is the random error corresponding
to the parameter 3 (,B = ﬂ,Ci) with zero mean
and specified standard deviation. In this study,
Wy (ﬂ = YZ,CZ.) was created using the function
“normrnd” in the MATLAB software.

The values of heat and mass diffusivity
parameters, geometry and reference conditions
of the solved example were chosen from the work
of Chanda et al. [17], which are given in Table 1

below.

Before generating the numerical results using
the present approach, its convergence behavior
was studied and it was found that N° =1 ,
N; =7,N" =250 and Ntl = 5 were sufficient
to obtain the results with acceptable convergence.

The temperature and concentration distributions
alongthe vertical axis (i.e., y-axis) obtained at different
time levels are illustrated in Figures. 2 and 3(a). In
addition, the propagation of the concentration in
the upper and lower regions of the interface is
highlighted in Figure 3 (b). As one can observe, the
temperature reaches its steady state distribution
faster than the concentration. This is due to the
fact that the diffusion coefficient of concentration is

lower than that of the thermal diffusion.

Table 1. The values of thermal and mass diffusivity parameters, geometry and reference conditions of the solved example

C (kg/m’3) 120 t,(s) 4000
C,(kg/m™) 0 7,°c) 25
Dms)  1.716x10” T,(°C) 50
D,(mK's")  1.831x107"2 oy (m’s™) 1.418x10”
D,(m'kg’s") 1.826x10"  g(mK's!)  1.617x107"°
h(m) 25x107  g(mkg’s!)  1.944x107"
H(m) 5.0x107

50 |
[ ===:200 (s)
—~ 45F —=-500(s)
g_) E = = 1000 (s) 7z ya ’l
~ a0k = = 2000 (s) s ", ]
o OF —— 4000(s) oy,
%  —— 6000 (s) VAN
L 35 - Y ¢ 1 -
g- . 7’ P / ,’l
£ L ’ /l ’ .
g 30 F e - P
- 7’
C - -’
25 ———— - - - -
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. The distribution of temperature along the vertical axis at different times.

Dimensionless distance along the y-axis
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E 100f \ - - 1000((25) E
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2 20F ]
8 b E

of 3
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(a) Total distance

S PETTETNL --- 200(s) 3
- - <N\ —--500(s) 3
E 1°°5 AN - - 1000(s) 3
2 sof == 2000(s) 3
- E — — 4000 (s) 3
S eof — 6000 (s) 3
® E E
3 3 E
s 20F RN
o E SoNSLs Lo

oF --:n‘_a:

TN EEEEEEE RN SR NN RN RN

0.40 0.45 0.50 0.55 0.60

Dimensionless distance along the y-axis

(b) limited distance

Figures 3 (a) and (b). The distribution of concentration along the vertical axis at different times

is obvious that the evaluated can partially validate the present DQM solution

concentration at the interface of the solvent procedure.

and solution is constant. These sensible results

28

50

45

40

35

Temperature ( °C)

00 05 10 15 20 25 3.0 35 4.0
Time (10° s)

Figure 4. Time history of temperature at the sensor locations.
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Figure 5. Time history of concentration at the sensor locations

The time histories of temperature and
concentration at sensor locations are illustrated
in Figures 4 and 5, respectively. These results
are obtained by solving the direct problem. By
adding some artificial errors to these results, they
are used as the fictitious experimental results for
the computational algorithm to determine the

unknown heat and mass diffusivity parameters.

- = = 200 (s)

- 500 (s)
- = 1000 (s)
— — 2000 (s)
—— 4000 (s)

Thermal diffusivity (10" ’m?%/s)

0.0 0.2 0.4

The variations of the estimated heat and mass
diffusivity parameters along the column axis are
shown in Figures 6 and 7, respectively. As it is
obvious from these figures and as one can expect,
due to the fact that the temperature increases
with time at all points, both diffusivity parameters

also increase with time in the whole domain.

0.6 0.8 1.0

Dimensionless distance along the y-axis

Figure 6. The variation of the estimated thermal diffusivity along the vertical axis.
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-=- = 100 (s)
- = 500 (s)
- = 1000 (s)
— — 2000 (s)
—— 4000 (s)

Mass diffusivity (10" °m?s)

0.0 0.2 0.4

0.6 0.8 1.0

Dimensionless distance along the y-axis

Figure 7. The variation of the estimated mass diffusivity along the vertical axis

However, the rates of change of these parameters
in the upper half domain are greater than the
lower one. This is because, in contrast to the upper

half domain, the concentration reduces with time

1.56 prrrreerrrerrer

in the lower half domain and consequently causes
the reduction of these parameters. However, the
increase of temperature leads to the increase of

these parameters in the all domain.

|\|I||| 'S EEEEE

% E - - T,=30°C
E 154} - - T40°C
> f - - T,=50°C
> 152F
2 E
(2] o
=] L
€ 150 F
T E
® s
E 148
[ o
K= L
= F
1.46 Caaaaaaalaaaaay

0.0 0.2

0.4 0.6 0.8 1.0

Dimensionless distance along the y-axis

(a) Effect of temperature gradient at 4000 (s)

Nz 154 F == = C,=10 kg/m® 3
£ f - - C,=40 kg/m® ]
2 1s2f - - CTokgm® E
_.E- E — — C,=100 kg/m® ]
2 [ _ 3 ]
% 150 F —— C,=130 kg/m E
£ [ ]
o 3 ]
s 2 ]
E148f :
2 = ]
- 2 ]

1.46 AT TP PP TT T PP TR T PR TR

0.0 0.2

0.4 0.6 0.8 1.0

Dimensionless distance along the y-axis

(b) Effect of concentration gradient at 4000 (s)

Figure 8(a),(b). The variation of the estimated thermal diffusivity along the vertical axis.
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& 1.78 o 3
= 3 o]
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(a) Effect of temperature gradient at 4000 (s)

1.86 YT
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£ T :
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e - E
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0.0 0.2 0.4 0.6 0.8

1.0

Dimensionless distance along the y-axis

(b) Effect of concentration gradient at 4000 (s)

Figure. 9 (a),(b). The variation of the estimated mass diffusivity along the vertical axis

Table 2. Estimated thermal and mass diffusivity parameters

107" m? 10" m? 10" m? 10~ m? 10"*m? 10 m?
a, a, o, D, D, D,

o, Oc s K.s kg.s ] K.s kg.s

0 0 1.418 1.617 1.944 1.716 1.831 1.826
1073 1.418 1.617 1.944 1.714 1.865 1.817

2X10°3 1.418 1.617 1.944 1.707 2.241 1.446

103 0 1.418 1.625 1.926 1.716 1.830 1.825
1073 1.418 1.625 1.927 1.718 1.730 1.969

2X10°3 1.420 1.573 1.907 1.715 1.841 1.805

3X10°3 0 1.411 1.782 2.138 1.716 1.828 1.823
103 1.416 1.674 1.810 1.701 2.346 2.012

2X10°3 1.413 1.716 1.581 1.710 1.997 1.865

5X10°3 0 1.416 1.658 1.870 1.716 1.828 1.823
103 1.406 1.892 2.268 1.723 1.614 2.054

2X10°3 1.428 1.358 1.580 1.719 1.822 1.851
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The effect of temperature gradient and
concentration gradient on the heat and mass
diffusivity parameters along the column axis at
4000 (s) are shown in Figures 8 and 9, respectively.
These results can be expected by the assumption
of linear variation with respect to the temperature
and concentration of the heat and mass
diffusivities.

To study the impact of the measurement errors

on the accuracy of the present approach, as

mentioned previously, artificial experimental data
were produced by adding the random noise to the
solution of the problem. In Table 2, the effects of
the measurement errors of the input data on the
accuracy of the estimated heat and mass diffusivity
parameters are presented. The corresponding
percentage of errors were evaluated according to

the following formula [31] and are given in Table 3.

| Expected | Estimated

o/ — i i

Error% = 100‘ uExpected ‘
i

(33)

Table 3. Percentage of errors of estimated thermal and mass diffusivity parameters

%Error (ct,) %Error () %Error (a,) %Error (D,) %Error (D,) %Error (D)

Or Oc

0 0 0.00 0.00 0.00 0.00 0.00 0.00
10 0.00 0.00 0.00 0.09 -1.9 0.48

2X103 0.00 0.00 0.01 0.51 -22 21
103 0 0.02 -0.5 0.89 0.00 0.04 0.04
10° 0.02 -0.5 0.89 -0.14 5.5 -7.8

2X 103 -0.13 2.7 1.89 0.07 -0.57 1.4
3X103 0 0.49 -10 -10 0.00 0.16 0.15
10° 0.12 -3.5 6.9 0.90 -28 -10

2X10° 0.35 -6.1 18 0.35 9.1 2.1
5X103 0 0.12 2.5 4.5 0.00 0.18 0.19
10 0.82 -17 -17 -0.42 11 -12

2X10° -0.73 16 18 -0.20 0.49 -1.3

Moreover, the effects of the input errors on the
accuracy of the evaluated heat and mass diffusivity
parameters at time=2000 s are shown in Figures
10 and 11.

Also, robustness and efficiency of the proposed
solution techniques are shown in Tables 4 and 5
for different error of initial guess of thermal and
mass diffusivity parameters and the number and
location of sensors on estimated thermal and mass
diffusivity parameters. In the solved examples, the

number of iterations was between 5 and 7 and the

CPU time requirement was about 25 min when
the prepared code was run in a personal computer
environment with the following characteristics:
Intel (R), Core (TM)2, Quad CPU Q8400 @ 2.66
GHz, RAM (4.00 GB). It was observed that in all
cases, the estimated diffusivity parameters were in
good agreement with the corresponding expected
values. The data presented in these tables and
figures 10 and 11 demonstrate the applicability

and accuracy of the present approach.
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Figures 10(a),(b). The influences of the measurement errors of the input data on the accuracy of the estimated values of the thermal
diffusivities at time=2000 s

Mass diffusivity ( 10°m?%/s)

=
[=-]
-

=
[=-]
o

=
=J
w

=
=J
[=:]

s ©70.001, 5=0.001

T TT T T AT T T T I T T T I TITT

Mass diffusivity ( 10 m?%/s)

0.0 0.2 0.4 0.6 0.8

Dimensionless distance along the y-axis

(A)

1.0

LRI L L L L L L NN DO OO B DL DR L BN L BB BB B
181 F 8 070.002 o=0.001
—_— 0,0
180 |
179 |
L
178 |
:IIIIII|IIIIlllllllllllilllllllllll

0.2 0.4 0.6 0.8 1.0

Dimensionless distance along the y-axis

(B)

Figures 11 (a),(b). The influence of the measurement errors of the input data on the accuracy of the estimated values of the mass
diffusivities at time=2000 s

Table 4. Effects of input error of initial guess on estimated thermal and mass diffusivity parameters

107" m? 107""m? 10™"'m’ 10~ m? 107" m? 107" m’
ao( a, &, D, D, D,

a D ] Ks kg.s S K.s kg.s
20% 20% 1.418 1.617 1.944 1.716 1.831 1.826
40% 40% 1.418 1.617 1.944 1.716 1.831 1.826
50% 20% 1.418 1.617 1.944 1.716 1.831 1.826
20% 50% 1.418 1.617 1.944 1.716 1.831 1.826
50% 50% 1.418 1.617 1.944 1.716 1.831 1.826
70% 70% 1.418 1.617 1.944 1.716 1.831 1.826
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Table 5. Effects of number and location of sensors on estimated thermal and mass diffusivity parameters

Active Active a0(107m2J al[lo“)mzj aZ(lO”mSJ Do(logmzj D{lolzmzj Dz[lo”msj
T-sensors C-sensors S Ks kg.s ¥ K.s kg.s
1 2 1.416 1.619 1.943 1.718 1.833 1.827
1 1,2 1.417 1.618 1.942 1.717 1.832 1.825
1,2 1 1.417 1.617 1.943 1.717 1.832 1.825
1,2 1,2 1.418 1.617 1.944 1.716 1.831 1.826
1,2 1,23 1.418 1.617 1.944 1.716 1.831 1.826
1,2,3 1,2 1.418 1.617 1.944 1.716 1.831 1.826
1,2,3 1,23 1.418 1.617 1.944 1.716 1.831 1.826

4. Conclusions
A computationally efficient and accurate
numerical based on

technique using an

optimization algorithm was introduced to

simultaneously estimate the temperature-
and concentration-dependent heat and mass
diffusivities of a solute-solvent system. The input
data of this algorithm were the measured transient
temperature and concentration at some selected
points of the system. The element-wise differential
quadrature method as an accurate and simple
numerical technique in conjunction with the
Newton-Raphson method were utilized to solve
the corresponding nonlinear coupled differential
equations. The conjugate gradient method was
employed to perform the optimization tasks by
formulating the corresponding sensitivities and

adjoint problems. The case study was successfully

separately. For briefness, only the sensitivity
equations of the unknown parameter #, will be
extracted and in a similar manner those of the
unknown parameters can be derived.

By perturbing u, to u, +du,, T(y,t) and
C(y,t) convert to T(y,t)+ or, (y,t) andC+4C,,
respectively. Inserting these perturbed values of
the material parameters and field variables into the
governing equations (12)-(19) and performing some
mathematical operations, the linearized sensitivity
equations of #, are obtained as

The numerical solution technique described
previously DQM) was
employed to obtain éTu,. (i=1,2,...,6) and
5Cﬁi (i = 1,2,...,6) from Eqgs. (A1)-(A8).

(i.e., element-wise

[ or acjaaTu ( GTJ%C”
2Uuy— Uy — |—+| Uy— |—+
&y o)y ) oy

solved. The results showed that the heat and mass 05T

diffusivities of the system could be satisfactorily (1 + 16T +1,C) ayzul

estimated, which would enable us to advise (A1)
the application of this algorithm for the other +((5u1+u25Tu1 +u35c"')

transport phenomena. azl_% =

o' ot
Appendix A. Sensitivity problems oT 0C\asC, 0C\ooT,
There is a different sensitivity problem {u5§+2u65J7+[u55]?

corresponding to each six unknown parameters d%C,

(“i;i = 1,2,...,6), which should be derived (u4+u5T+u6C)72'
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0°C 00C,
+\uo0T +u.oC - =0
( 57 6 u, ) ayz 81‘ (AZ)
| =0 (A3)
1ly=0
dsC,
= (A4)
oy o
’ -0 (A5)
Uy=1
00C,
- = (A6)
oy -
g =0 (A7)
wl_o =0 (A8)

Appendix B. Adjoint problem and gradient
equation

To simplify the derivation of the adjoint problem
equations, the Lagrange multiplier method was

used. Accordingly, the new functional becomes

j(u,,uz,...,ub) =

MY 2 [' 2
z{ (1 -10) ar f(co—c2) dz]
0

m=1| o

' H
+fjia
00
2
uza—T-ru}% a—T+(ul+u2T+u$C)a—7;—a—T dydt
oy oy ) oy oy ot

2
usa—T+u6§ §+(u4+u5T+u6C)a g—E dydt
Oy dy ) Oy oy~ Ot

where A, (»,t) and A,(y,f) are the

Lagrange multipliers (or adjoint functions). The

[ a, aADjac
u —Us— |—+

oy Ty oy (B2)
(“1 +u2T+u3C)az;;“ + %, =0
oy ot
[ o, 6/1,)]6T
U, u,—2 |—+
o) o ) oy
2 ) (B3)
(u4+u5T+u6C)a /12[) +%=0
oy ot
ﬂa|y:o =0 (B4)
A
Yol _ 0 (B5)
ay y=0
/1‘1|y:1 = 0 (BG)
O =0 (B7)
vl
ﬂ’oz|z:1 = O (Bg)
|, =0 (B9)

It should be interestingly noted that the adjoint
equations of all unknown parameters were
similar. By using the DQM, the adjoint governing
equations (B2)-(B9) were solved and the Lagrange

multiplayers é'd and €, were obtained.

Appendix C. The functional gradients

By using Egs. (B2)-(B9), the gradients of the
functional j with respect to u, (i=1,2...,6) can be
derived. In the continuation and as a sample, it will
be done for the variable u, .

Using the aforementioned equations, the

variation of j due to 5u1 is simplified as

T H 2
0. Aul = “‘[/Ia a—fjJuldydt =
A

L . ) - e 1 (C1)
results of minimizing this functional are the adjoint 5”1”[/1 —szydz
equations 00 24
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n D Mass diffusivity
But, from Eq. (C1) it can be deduced that &/,
! D The i-th parameters (Eq. 2)
should be i
d" The n-th search direction of the i-th parameter
- oJ :
8-]”1 = a_ 57/!1 (€2) H Height of test column
u
1 J Objective functional
Comparing Egs. (C1) and (C2), one can easily get m Number of sensors
N 4 N Number of spatial elements
0. A
—=J =[[4, . .
u, i i Ne Number of grid points in the e-th spatial elements
y
6_2 dydt NT Number of temporal increment
V
NI Number of grid points in the /-th temporal
Similarly, the other gradients of the functional ! increment
J are obtained. t Dimensionless time
' lT Time
7 rH
67‘]: 7' :I ,1a ¢ Final time
Ou, “ 00 !
T (ar 2 (c4) 77 Temperature
T—+ (J dydt
5y T Dimensionless temperature
u The i-th dimensionless parameters (Eq. (11e-j))
A ' .
a N [ H i
M= ”,1 o ' ‘
u, s 0% “ y Dimensionless coordinate variable
(C o . or acjdyd[ (C5) y Coordinate variable
2
% % % Greek symbols
A o Thermal diffusivity
o 5 ,
o =J, = a. The i-th parameters (Eq.1)
4 1
trH 2 (C6) . .
J-J-/1 [8 C]dydt ﬁn The n-th search step size of the i-th parameter
D 2 i
00\
! Lagrange multiplier in mass
'D
~ t
i -j = j.T/l (T o°C +8T6deydt (C7) ) Lagrange multiplier in heat
Yy T D 2 o
U 20 oy oy oy
G The concentration standard deviation
C
aJ wn | e (ecY
L= J'J‘AD C +| = | \dvat (C8) o) The temperature standard deviation
oug "9y > oy r
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